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introduced liquidity constraints and durable goods in testing this hypothesis while Mankiw (1981) and Muelbauer (1983) introduced variable interest rates into the model. Here, for our analysis of the permanent income hypothesis as proposed by Hall (1978) , we set up a non-linear state space model for unobserved permanent consumption, which simultaneously takes into account transitory consumption, variable interest rates, and nonlinearity of the Euler equation. With our approach -of formulating a nonlinear state-space model of permanent consumption -the permanent income hypothesis can be stated in terms of unknown parameters in the model. Because of non-linearities in the model, non-linear filtering techniques based on stochastic simulations are used to perform two major steps in the analysis:
estimate unknown model parameters and calculate likelihood ratio tests of the permanent income hypothesis, and estimate unobserved permanent consumption over the sample period. Thus, our approach differs from earlier studies in two significant aspects. First, our analysis copes at the same time with these issues of the presence of transitory consumption, variability of interest rates, and non-linearity of first-order conditions. Secondly, stochastic simulation plays a key role in the empirical implementation of the analysis because of non-linear complexities in the model.
Annual data for the US and Japan are used in these calculations. Filters are also used to estimate permanent consumption in the US and Japan. Difference in permanent consumption as a percent of total are observed for these two countries showing differences in degree of rationality in consumer behavior.
Before going into this application, we provide a brief overview of filtering in non-linear state space models. A more complete discussion is in Tanizaki and Mariano (1994, 1995) .
Non-linear state-space models and non-linear filtering
Consider the following non-linear state-space model: measurement equation
transition equation
The vector y t is observed over the sample period tϭ1,2,…,T while ␣ t is a vector of unobserved "state" variables. The vector functions h t and f t are specified known functions. The disturbances (⑀ t , t ) are assumed to have zero means and to be jointly independent over time. Their probability distributions are known and are not necessarily normal. Given the sample {y t :tϭ1,2,…,T}, the main problem is to evaluate E(␣ r | I s ), where I s ϭinformation at time s I s ϭ{y 1 ,y 2 ,…,y s .
Standard terminology refers to the problem as:
In addressing this problem, we first consider determination of the conditional probability density function of ␣ r given I s , namely, P(␣ r |I s ) and then work on the evaluation of
The recursive calculation of P(␣ r |I s ) proceeds from basic principles in probability theory, e.g., see Harvey (1989) . For prediction, we have
Note that (8) follows from the time independence of (⑀ t , t ). For filtering, first let kϭ0 in the prediction formula, to get
Consequently, we have
The denominator in (10) is obtained by integrating the numerator with respect to ␣ t . P(y t |␣ t ) is obtained directly from the measurement equation with the function h t and the distribution of ⑀ t both specified. Finally, P(␣ t | I tϪ1 ) comes from the prediction algorithm in (9). Formulas (9) and (10) ͵ ͵ ͵ ͵ ͵ provide the recursive algorithm (as summarized in table 9.1) for prediction and filtering, starting from initial conditions, say ␣ 0 , for the state variables.
Next, we move on to the calculation of P(␣ tϩ1 |I t ) and P(␣ t |I t ). As we pointed out earlier, Kitagawa (1987) and Kramer and Sorenson (1988) used numerical integration in their calculations.
Monte Carlo simulation with importance sampling proceeds as follows. Denote the importance density on ␣ t by P*(␣ t ). Then we can write
and, for n random draws from P*(␣ t ), say {␣ it :iϭ1,2,…,N}, we obtain the following approximations to (9) and (10)
Recursion formulas for w t|t and w t|tϪ1 are given in Tanizaki and Mariano (1998) .
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The above formulas also give us a recursive approximation to the likelihood of the observations. This is particularly useful for a numerical maximization of the likelihood function
As before, the ␣ it are random draws from the importance density P*(␣ t ). A modified simulation approach, using rejection sampling as proposed in Tanizaki and Mariano (1996) gets random draws ␣ ir|s from P(␣ r | s ). For prediction, we then have
This is because of (9) where
For any integrable function g, we get
For filtering, how do we generate ␣ i,t|t ? The formulas are
This implies that, from (10)
Thus, P(␣ t |I t ) is proportional to N t , which, in turn, can be approximated by
To get draws recursively from this approximate filtering density in (23), apply the following "rejection" sampling scheme: 1 Given (␣ i,tϪ1|tϪ1 ,…,␣ n,tϪ1|tϪ1 ), choose one of these randomly and get, say ␣ *,tϪ1 . 2 Sample P(␣ t |␣ tϪ1 ) to get ␣ t calculated as
3 Calculate w(␣ t ,y t ), where we construct w t such that
4 Include ␣ t in the draw from P(␣ t |I t ) with probability calculated in step 3 and denote this by ␣ 1,t|t . 5 Continue doing this until you get n draws ␣ i,t|t . 6 Finally, calculate
Testing the permanent income hypothesis
To test the permanent income hypothesis, we now consider the following state-space model: measurement equation
where ⑀t, t are bivariate normal, independent over time, with mean zero and covariance matrix .
The above model is driven by the behavior of the representative agent, with the following definitions: Cϭper capita total consumption C p ϭper capita permanent consumption C*ϭconsumption component independent of the permanent income hypothesis ⑀ϭC T , per capita transitory consumption, assumed random with zero mean 
Measurement equation
The measurement equation is simply the identity that total consumption is the sum of permanent consumption, transitory consumption, and a part of consumption which is independent of the permanent income hypothesis. The assumption on transitory consumption is based on earlier authors' treatment of the subject. In a cross-sectional framework
is assumed by Friedman (1974) , where C T it denotes transitory consumption of the ith household at time t. Furthermore, Friedman (1957) assumed that C T it is independent of the permanent income, transitory income, and permanent consumption -see Branson (1979) . Aggregate transitory consumption is represented as
Assuming that C T it are identically and independently distributed with mean zero and variance ( ⑀ Y t ) 2 for all i and t, the transitory consumption of the representative agent (i.e., C t ) is given by a random shock with mean zero and variance ( ⑀ Y t ) 2 /L t . It might be plausible to assume that the transitory consumption increases (decreases) as the income level increases (decreases).
C t * represents an exogenous part of consumption which does not depend on the permanent income hypothesis proposed by Hall (1978) . It is well known that variables other than lagged consumption appear to play a significant role in the determination of current consumption (see Diebold and Nerlove (1989) ). Accordingly C t * is a part of consumption which depends on other variables such as income. Therefore, it is assumed in this chapter that C t * is a function of income, i.e.
where ␥ 1 and ␥ 2 are unknown parameters to be estimated. Under the permanent income hypothesis, C t *ϭ0, which is equivalent to ␥ 1 ϭ␥ 2 ϭ0 in (29 
where A 0 is given. The representative utility function u(.) is twice continuously differentiable, bounded, increasing, and concave. A tϩ1 is the stock of assets at the beginning of time tϩ1, W t is non-capital or labor income at t, and R t is the gross rate of return on savings between t and tϩ1. E t (·) denotes the mathematical expectation, given information known at t. ␤ is the discount rate. It might be plausible in empirical studies that the discount rate ␤ is less than one. However, Kocherlakota (1990) showed that well-behaved competitive equilibria with positive interest rates may exist in infinite horizon growth economies even though individuals have discount factors larger than one, which implies that when per capita consumption is growing over time, it is possible for equilibria to exist in representative consumer endowment economies even though ␤Ͼ1. Therefore, we do not have to pay much attention to the possibility of the discount rate being greater than one. where the error term t is assumed to be truncated normal.
3 uЈ(·) represents the first derivative of the underlying utility function.
Taking the utility function as
the Euler equation corresponding to this particular form of the utility function reduces to the transition equation in (27).
Estimation results
The likelihood function of the innovation form is maximized by a simple grid search with respect to the unknown parameters (i.e., ␥ 1 , ␥ 2 , ⑀ , ␤, and ).
We test the permanent income hypothesis (i.e., the null hypothesis H 0 :␥ 1 ϭ␥ 2 ϭ0) and estimate permanent consumption for both Japan and the US.
Data
Annual data from 1955 to 1993 are used for Japan and the US, and the estimation period is from 1957 to 1993. For Japanese Data, C t , Y t , P t , and L t denote per capita final consumption expenditure of households (Japanese yen at 1985 prices, annual data, per capita data divided by number of population), per capita national disposable income of households (Japanese yen at 1985 prices, annual data, per capita data divided by number of population), implicit price deflator of final consumption expenditure of households (1985ϭ1.00), and number of population, taken from Annual Report on National Accounts (Economic Planning Agency, Government of Japan). The gross rate of return on savings (R t ) is defined as R t ϭ(1ϩr t /100)P t /P tϩ1 , where r t is installment savings of banks (annual rate, percent).
For the US data, C t , Y t , P t , and L t denote per capita personal consump-
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3 Note that we have 1 ϩ t Ͼ0. Therefore, the exact distribution of t is represented as
Ϫ1/ is small enough. Accordingly, we approximate the density function of t as the normal density, i.e., t ϳN(0, 2 ). The gross rate of return on savings (R t ) is defined as R t ϭ(1ϩ r t / 100)P t /P tϩ1 , where r t is Aaa (annual rate percent). In tables 9.2-9.6, each parameter is estimated by a simple grid search method, i.e., the log likelihood function is maximized by changing the parameter value by 0.001 for ␤, by 0.0001 for , 0.001 for ␥ 1 and ␥ 2 and 0.1 for ⑀ , respectively. Log L in table 9.2 denotes the maximized log likelihood function.
Non-linear filtering technique
We estimate the state-space model (26) and (27) figure 9 .4, and rejection sampling filter in table 9.6 and figure 9.5. The parameter estimates are similar for tables 9.2-9.6. In the extended Kalman filter, the transition equation (27) is approximated by the first-order Taylor series expansion and applied to the standard Kalman filter algorithm, i.e., the linear recursive algorithm.
In the numerical integration filter, we take n ϭ200. The first half of n nodes (i.e., m nodes) are obtained from [a* t|tϪ1 Ϫ4 ,a* t|tϪ1 ϩ4 ] ͙⌺* t|tϪ1 ͙⌺* t|tϪ1
228
Roberto S. Mariano and Hisashi Tanizaki   Table 9 .4. Importance sampling filter and the second half of n nodes (i.e., nϪm nodes) are from [a* t|t Ϫ4
,a* t|t ϩ4
]. For both intervals, the distance between two nodes is equal. That is, m nodes are from a t *| t ϩ4
and nϪm nodes are from
Non-linear state-space models 229 where iϭ1,…,m and m ϭ100 is taken. a* t|tϪ1 , ⌺* t|tϪ1 , a* t|t and ⌺* t|t are obtained from the extended Kalman filter algorithm. In the importance sampling filter, nϭ200 random draws are generated from the following importance density
where a* t|tϪ1 , ⌺* t|tϪ1 , a* t|t and ⌺* t|t are obtained from the extended Kalman filter algorithm. For density approximation, the importance density should have broader tails than the prediction density and the filtering density (see Tanizaki (1993) , Tanizaki and Mariano (1994) , and Mariano and Tanizaki (1995) ). Therefore, for the importance density, we choose a larger variance than the variance obtained from the extended Kalman filter.
In the density-based Monte Carlo filter, n ϭ10,000 random draws are generated from the transition equation (27) .
In the rejection sampling filter, the random draws are generated from the transition equation (27) , where the number of random draws is taken as n ϭ1,000. The acceptance probability is given by the exponential part of the normal density obtained from the measurement equation (26) Under the above set up of each non-linear filter, the unknown parameters (i.e., ␤, , ␥ 1 , ␥ 2 , and ⑀ ) are estimated in tables 9.2-9.6. The parameter estimates are similar for all the tables. For each country in each table, we have three estimation results, i.e., (i) ␥ 1 ϭ0 and ␥ 2 ϭ0, (ii) ␥ 1 ϶0 and ␥ 2 ϭ0, and (iii) ␥ 1 ϶0 and ␥ 2 ϶0. For all the estimation methods and both the countries, the hypothesis H 0 :␥ 1 ϭ␥ 2 ϭ0 is rejected according to the likelihood ratio test. 4 The likelihood ratio statistics are given in the permanent income hypothesis does not hold for both Japan and the US. This test takes into account transitory consumption, non-linearity of the Euler equation, and the variable interest rate. Numerous earlier papers testing the permanent income hypothesis consider some of these three issues, but none of them deals with all three issues simultaneously. Our result shows that even if all three issues are included in the model, we still find significant evidence against the permanent income hypothesis. Next, in figures 9.1-9.5, we plot the ratio of estimated permanent consumption relative to total consumption, i.e., 100C p t|t /C t , where C p t|t denotes the filtering estimate of per capita permanent consumption at time t, for Japan and the US. A high ratio of permanent consumption implies that a large amount of people behave under the permanent income hypothesis. In the US, about 15-20 percent of consumption is based on the permanent income hypothesis during the estimation period. The ratio is almost constant over time although it is slightly lower in 1974 and 1981, the years of the two oil crises. The ratio in Japan is larger than that in the US for all the periods. Around 25 percent of total consumption is permanent consumption over the whole sample period except for the first oil crisis. During the first oil shock, the ratio of permanent consumption to total consumption fell to about 20 percent in Japan. For the US, however, there was hardly any downward adjustment in the ratio. These numerical results indicate that Japan behaves somewhat more rationally than the US and the experience in the first oil crisis indicates that this occurs even more so in a recessionary period.
In Japan, the first oil shock brought on a serious recession -with inflation and wage increases ranging between 23 percent and 25 percent in 1974. From this experience, the Japanese economy learned quickly and managed to steer a more stable course in the second oil shock. In 1981, wage and price increases in Japan were kept at a normal rate of 5 percent. Consequently, as figures 9.1-9.5 show, there was hardly any adjustment in Japanese permanent consumption as the second oil shock took place. 
Summary
In this chapter, for both Japan and the US, we have formulated a non-linear state-space model to test the permanent income hypothesis. The state-space model is based on the Euler equation derived from a utility maximization by a representative agent. A contribution of the chapter to the wide literature on this celebrated topic comes from the fact that our approach simultaneously takes into account the presence of transitory consumption, non-linearity of the Euler equation, and the effects of variable interest rates. A second contribution of the chapter shows how stochastic simulations, applied to non-linear filtering, are utilized not only to calculate numerical maximum likelihood estimates of model parameters but also to estimate unobserved permanent consumption over the sample period. Annual consumption data from 1955 to 1993 are used for both Japan and the US. All the filtering techniques used here produced similar results. Taking into account transitory consumption, non-linearity of the Euler equation and the variable interest rate simultaneously, our results reject the permanent income hypothesis and point to differences in degree of rationality in consumer behavior in the US and Japan.
